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ANNOTATION

In this paper, we investigate the following (1) the product of cs-networks, the product of cs*-networks
is cs*-networks, the image of cs-network by sequence-covering map is cs-network, the image of cs*-
network by 1-sequence-covering map is cs*-network, the product of k-networks is a k-network, the
image of k-network by compact-covering map is a k-network.
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AHHOTALINA

B aT0l1 cTaThe MBI UcCiIEyeM cileiylollee: IPOU3Be/IeHUE CS-CeTel, IPOU3BeJieHUe cS*-ceTel - 5TO Cs*-
ceTH, 00pa3 CS-CETH ¢ MOMOIIBI0 KapThl OCIEN0BATEIBLHOTO TIOKPBITHUSA - CS-CETh, 00pa3 cs-ceTu cs* -
CeTh C MIOMOIIBIO KAPTHI MOKPBITHUSA C 1-TIOCTIE0BATEIBHOCTBIO - 3TO CS* -CeTh, Ipou3BeieHNe K-ceTelt -
310 k-ceTh, 06pa3 k-ceTu ¢ moMoIbo KapThl KOMIIAKTHOTO TMOKPBITHA - 3TO K-CeTh.

KiroueBsbIe cj10Ba: cs-CeTh, CS*-ceThb, k-ceTh, mocie0BaTeIbHOE MMOKPHITHE, KOMIIAKTHOE IIOKPHITHE.

1. Introduction

To determine preserving topological properties of topological spaces by product and continuous map is
one of the central question of general topology. The networks (cs, cs*, k) are characterized by important
properties of topological spaces. Some properties of networks (cs, cs*, k) and of covering maps
(sequence, 1-sequence, compact) are discussed in [1, 3-12].
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2, Main Results

Let X be a T, topological space and P = {P,: P c X} be a family with x € NP,.

Definition 2.1. A sequence {x,} in X is called eventually in P if {x, } converges to x, and there exists meN

such that {x} U {x,,;:n = m} c P.

Definition 2.2. The family P is called a network at point x € X if for each neighborhood of x there exists

P € P suchthat P € U.

Definition 2.3. The family P is called a network at point x € X if for any sequence {x,,} converging to x

and a neighborhood U of x, there exists P € Psuch that P c U and {x,,} is eventually in P.

Definition 2.4. The family P is called a cs*-network at a point x € X if whenever {x,} is a sequence

converging to a point x € U with U open is X, then {x,:i € N} c P c U for some subsequence {x,,} of

{x,} and some P € P.

Proposition 2.5. If the families P and T are cs-networks respectively at points x € X and y € Y, then the

family P x T is cs-network too at point (x,y) € X X Y.

Prof. Let G be a neighborhood of point (x,y) and {x,}, {¥,} are some sequences converging to points x

and y respectively. It is easy to see that there exist neighborhoods U, V of points x and y respectively,

such that U X V c G. Moreover, there exist P€ P, T € T and ny € N, my, € N that {x,} ¢ P c U and

{yx} € T cV for each n > ny, k > m,. We take m = max (ny, my), then {(x,,, y,)} € P X T c G for each

n > m. Hence, P X T is cs-network at point (x, y).

Corollary 2.6. The families P;, i = 1,n are cs-networks at points x; € X; respectively, then their product
. P; is a cs-network too at point (xq, x5, ..., x,) € [1iL, X;-

Example 2.7. Let X = [= 3, 3] be space. It is easy to see the family P = {U (1 — % 1+ %)} is a cs-network

at point x=1and T ={U (2 —%,2 +%)} is a cs-network at point y = 2, where n € N. For each
neighborhood G of point A(x, y) we take r = mingcys{d(4, B)}, where d is metric in X. Next we take U =

(1 —2,1 +§), (V =(2 —5,2 +§), then UxV cG. We can find ny, € N such that for P =
(1—nio,1+nio), T = (2—nio,2 +
P X T is a cs-network too.
Proposition 2.8. If the families P and T are cs*-networks respectively at points x € X, y € Y then a family
P X T is cs*-network too at point (x,y) € X x Y.

Proof. In this case again let G be a neighborhood of point (x,y) and {x,,} and {y,,} are some sequences
converging to points x and y respectively and is known there exists neighborhoods U, V of points x and
y respectively, such that U x V c G. Moreover, by definition of cs*-network there exist P € P, T € T and
subsequences {x,:i € N} and {¥n;:J € N} of sequences {x,} and {y,} respectively, such that {x,:i €

) this attitude P xT c U XV c G is understandable. Therefore,

No

N}cPcU and {y,:jeN}cTcV. Afterward we re-numbered subsequences and we have
{(xnk,ynk):k EN}cCcPXTcCQG.
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Hence, P X T is a cs*-network at the point (x, y) and we have proved the proposition 2.8.

Corollary 2.9. The families P;,i = 1,n are cs*-networks respectively at points x; € X;, then their product
[TX, P; is a cs*-network at the point (xq, x5, ..., x,) € [T, X;.

Definition 2.10. [8]. Let f: X — Y be a map continuous and onto

1) f is a sequence-covering map if each convergent sequence (includes its limit point) of Y is the
image of some convergent sequence of X.

2) f is a 1-sequence-covering map if for each y € Y, there is x € f~1(y) such that whenever {y,} is
a sequence converging to y in Y there is sequence {x,,} converging to x in X with each x,, € f~1(y,).
Remark 2.11. 1-sequence-covering map = sequence-covering map.

Proposition 2.12. If f: X - Y is sequence-covering map and P is a cs-network at point x, € X, then
f(P) = {f(P): P € P}is a cs-network at the point y, = f(x,).

Proof. By definition of continuous map for each neighborhood V of point y, there exists a neighborhood
U of points x, such that f(U) c V. Since the family P is cs-network at the point x,, there exists P € P
such that P c U. Therefore, there exists T = f(P) € f(P) such that T c V. Now we will show that for
each sequence {y, } converging to y, there is m € N such that {y,,} c T for every n > m. We have that f
is sequence-covering map, so the sequence {y,} is the image of some sequence {x,} of X converging to
xo. Then there exists m € N such that {x,,} c P for every n > m, so {f(x,)} = {yn} © f(P) =T for every
n > m. So f(P) is cs-network at point y,.

Proposition 2.13. If f: X - Y 1-sequence covering map and P is a cs*-network at point x, € X, then
f(P) = {f(P): P € P}is cs*-network at point y, = f(x,).

Proof. Us sufficient show that for every sequence {y,} converging to point y, € V with VV open in Y there
exists subsequence {y,:i € N}and T € f(P) suchthat{y,:i € N} ¢ T c V. Wehave that f is 1-sequence
covering map. Therefore, there exist z, € f~1(y,) and x, € f~1(y,) such that {x,} is a converging
sequence to z,. In addition, P is a cs*-network at a point x,, so there exists subsequence {x,:i € N} of
{x,} and P€P such that {x,}c P, therefore, {f(xy,) =y} {y} cf(P)=T. Hence, f(P)=
{f (P): P € P}is cs*-network at the point y,.

Definition 2.14. P is called k-network if whenever K c U with K compact and U open in X, then K c
U P’ c U for some finite P’ c P.

Let f: X — Y be a map continuous and onto.

Definition 2.15. The map f is called compact-covering map if each compact subset of Y is the image of
some compact subset of X.

Definition 2.16. If the families P and T are k-networks respectively in X and Y, then the family P X T is
k-network in X X Y.

Proof. Let K be a compact subset of X X Y and K c U with U open in X x Y. We denote by K; and K, the
projects of K to X and Y respectively. It is easy to see K; and K, are compact subsets of X and Y
respectively. Let be K; c U; and K, c U,, for some open subsets U;, U,. We have that P and T are k-
networks. So there exist finite subfamilies P’ = {P;:P; € P,i =1,n} and T' = {T: T, € T,j = 1,m} of P
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and T respectively such that K; c {UjL; P;} € U; and K, < {U7%; T;} € U,. Then it is easy to see K
(K1 X K;)NU © ({UiL, P} X {U71=1Tj})nU c (U xUx)NU c U.

As you know, {UiL,; P;} X {Uj%; Tj} = Uiz, Ujz, P X Tj, where P; X T; € P X T. Hence, P X T is k-network
in X XY too.

Corollary 2.17. The families P;, i = 1, n are k-networks respectively in X; then their product []}-, P; is k-
network in [T, X;.

Proposition 2.18. If f: X — Y is compact-covering map and P is a k-network in X, then f(P) = {f (P):P €
P} is k-network in Y.

Proof. Let be F is compact and V is open with F c V. By definition of compact-covering map there exists
compact subset K of X such that f(K) = F. We have that f is continuous map so f~1(V) is open in X
and K c f~1(V). Otherwise, P is a k-network so there exists finite P’ ¢ P such that K c UP’ c f~1(V).
Thus implies F c f(UP") = Uf(P") c V. Therefore, f(P) is k-network in Y.
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