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In this paper, we have dealt with a new technique for solving a system of linear and non-
linear PDEs with fractional orders. This method is a combination of the T- transformation.
Where the T-transformation is considered generalizations of the previous integral
transformations. The method and the iterative method are then called the iterative T-
transformation. This is a method that gives appropriate solutions and free from rounding
errors and this is done by comparing it with other methods. They are useful in reducing
digital accounts and we reinforce this with some examples.
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1. Introduction

In recent years, There are many problems in
math physics and engineering such as the
physics of polymers have been successfully
analyzed by partial differential equations
(PDEs)[1].But when these problems interfere
with differential equations with non-integer
order (FDEs), things will be more eye-catching.
To solve FDEs, new and effective methods must
be found. Also recently Jafari, Daftardar-Gejjii
introduced a new iterative method [2]. This
method solves PDEs for integers and fractional
order. In this work, we have considered a new
method called iterative g-transformation
method (ITTM). Where this technique
consolidates two methods, the g-

2. Important definitions:

2.1. Definition . The function f(x) , x > 0 it is
real in the space Cg, B € R , if there exists a real
number m > (3, such that f (x) = x™f; (t) where
f, € C[0, oo]. Clearly Cg < C,, if B <

2.2. Definition . The function f(x), x>0 isreal
in the space C]é j € N U{0}

transformation and the iterative method, it is
worth noting that (ITTM) It is applied easily
and without assumptions. Reversing the
method of separating variables that include
initial conditions and limits. It is possible to
legitimize the outcomes obtained by the
proposed method using boundary conditions.
The outcomes so far are exceptionally
reassuring and dependable in light of the fact
that it works effectively. To solve systems of
partial differential equations with nonlinear
fractional orders we used ILGM. And we gave
some examples to verify the work and
performance of this method. Then, at this point,
the outcomes are compared with those
obtained through previous techniques.

ifitis f® e Cg.

2.3. Definition [2]. let f be a function such that
fe CK, ,the left sided fractional integral of
Riemann-Liouville of order n 2 0, f€ C, is

defined in the following form:
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L R ()
Mi(y) = {T) Jp (y—wyr-m ™ N7 5 Y (1)
fiy) , n=>0

2.4. Definition[3] let f be a function such that f € CX, , k € N U {0},then we can defined the left sided
fractional Caputo derivative of f, in the following form,

o*f(y)
k-n ) k—1<n<k,keN
a"f(y) l Ay~ i
D) = D ) @)
ay" 0*f(y)
ayx ek
1 f(ty)
1) ny(t,y) =T g’(y_s)"’l_n ’ n>0,y>0
k
2)Dey) =", k-1<n<k

2.5. Definition: [5] The Mittag-Leffler function E,,(z) when 1> 0, we can define it with the following
string representation, So that this function takes the entire complex level

En(2) = Zo: T(i+ 1)
2.6. Definition: [4]

Let f(t) be a continuous function and t €[ 0,0 ) we can defined the general T- transformation
T(f(t),p,q) for a piecewise function f(t) by the following integral

T(f D) = p(s) [ e @t . p(s) # 0 ©
0
such that the integral is convergent for some q(s), s is positive constant, and
p(s)M
ITE)| £ ————= , s)#L
(=i 9O

where ||. || is anorm on dual of R and it is defined as

|(f(©)]|| = max|f(®)| ,te€ [0,00)

2.7 Definition : The T-transformation of T[f (t)] of a given Riemann-Liouville partial integral is
defined in the following form:

T{(t)} = (q(s)) "F(p,q) (4)

2.8. Definition :
let f be a function .The T- transform T(f (y)) of the Caputo fractional derivative is defined in the
following form

n-1

T(D'(t) = q"F(p,q) — p(S)z q T EO0) , n-1<n <n ()
r=0

3. Use iterative T-transformation to solve a system PDEs.
In this section we explain the importance of this method for solving a system PDEs with initial
conditions

Dgiui(t Y) = Vi(ul (E) Y); ey un(E’ Y)); ki -1< Ni < ki (6)
a}\iui(t, O)
W:hmi, Ai:O,l.....,ki—l,ki EN (7)
We take the T-transform for both sides of the equation .we get
T[D;lui(f,y)] = T[Vi(ul(f, V), e, Up(E y))] , i=01,....,n

by Definition 8 and the initial conditions (7) .we get.
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mi—1

Tl E] - p6) Y a9 1P 0) = TV, € y), - un €] § = 12,...(8)

Taking the T- inverse on both sides of Eq. (8) we get

mi—1
uE®y) =T p) ) a7 P& O |+ T [a TV, € y), . tn E Y]]
r=0
=fi+Ri(u1(f.y),...,u1(f,y)) , i=1,2,...,n 9
u(ty) =f + Ri(ul(f.y), ...,ul(f,y)) , i=1,2,...,n (10)

Where f; = T‘l[p(s) ymist g=r-1y (g, O)] , i=1,2,...,n
Ri(w (€ Y), ., un(€)) = T [q~9g[Vity (B ), ..., un (G )]

u(Ey) =Zui]-(f,y) . i=12,..n (11)
j=0
nonlinear operators Ri can be written in the following from.
Ri Z Uyj (tr Y)r Ly Z Upj (E, Y)
j=0 j=0

j j

= Ri(io @)1+ U0 © 1) + D {Ri| D w6, D (B
j=1

k=0 k=0
j—-1 j—1
- Ri Z ulk(tl Y); ’Z unk(E'Y) (12)
k=0 k=0

in view of Egs. (11) and (12), Eq. (10) is equivalent to
> 00 = 64 R oY) - Uno E )

j=0
00 j j j—-1 j—1
AR D w9, D @) | = Ri| D wey) ) u®9) J} - (13)
j=1 k=0 k=0 k=0 k=0
Then we define the frequency.
[ m;—1
wo®y) =T [p(s) ) a7 P Ey) (14)
k=0
1 w@y) =T g™ T[Ri(usoE ), ..., uno & y)]]

Uim+1) (G Y) = T_l[q_niT[Ri(uw(ﬁ V)t ot Wi (G Y), o, Uno(By) + - + upy (8, Y)))]]

\ —T ' [q™T [Ri(um(ﬁ Y+ oot Um-)EY), o Uno(Ly) + -+ + upm-1) (&, Y)))]]
Then.
uip (B y) + -+ Uigen©y) = THaMT[Ri(uyo G y) + -+ + & y), oo, Uno (X y) + -+ + upi (& y)))]]

ui(ty) = up(ty) + -+ un(ty) , i=12,..,n
We notice that the solutions of the series above converge very quickly. Both al Jafari and Daftardar-
Gejji have brought a classic approach to this type of chain
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4. Examples:

In this part we study the possibility of applying the iterative transform in solving a system of
differential equations with fractional orders.

4.1. Example . To solve the system of linear FPDEs [8]:

Dyu—wt+w+u=0

Dyz—u+w+u=0 (0<nu<l (15)
And initial conditions:

u(t,0) =sinh(t) , w(t,0)w = cosh (t)

when p =n =1 ,then the exact solution is

u(t,y) =sinh (t—y) , w(t,y) = cosh (t—vy)

u(ty) = T [p(s)q "u(t, 0] + T [ " T[w(t y) — w(ty) — uty)]]
w(ty) = T p(s)q ot 0)] + T [q *Tlu(t y) — w(t.y) —uty)]]
With applied algorithm in Eq (14) we get.

_ cosh ()y"

u (ty) = —m

{u(t,y) = sinh(t) ,wy(t,y) = coh(t), _ sinh (Hy*
w(ty) = —m

cosh(t) y"**  sinh(t) y"™*  cosh(t) y?"

_F(n+u+1) TmM+u+1) TI'C@n+1)
Then we get the solution sequentially. Use

RY) (t, Y) =

u(t,y) = up(t,y) + us (t,y) + u,(ty) + -+ + sinh(t) (1 + me—::rl) + )
~cosh(t) <r(nyi DT in;: D~ 1“(2}:1 ot ) (16)

ot y) = wo(t,y) + 3(ty) + (6 y) + - = cosh(t (1 ' % s )
~sinh() (r(ny: D T 3:‘;: D r(zs:i D ) a7

putn = pin Egs. (16) and (17), we reproduce the solution of [7] as follows:

N y" ) y" y"
t,y) =sinh(®)(1+—7——7+ | — t -+ | (18
u(ty) =sinh@© |1+ 55275+ coshO\ 7D T tan+n T ) 18
ho) (1 4+ 2 h v y™ 19
ty) = t _ 4+ ... ) =i t
w(t,y) = cosh(t) +F(2n+1)+ sinh(t) I‘(n+1)+F(3n+1)+ (19)
Now put a =1 in Eq. (18) and (19), we get.
. y?  y* y? oy .
u(t,y) = sinh(t) (1 + on + a > — cosh(t) <y + 3 + = + - ) = sinh(t —y)
w(t,y) = cosh(t) 1+y—2+y—4 — sinh (t) +£+y—5+--- = cosh(t—vy)
V)= 21 4 AETIANY - y
4.2. To solve the system of nonlinear FPDEs [7]:
D} = wihy — wyhy = —u
Dyv + uthy + uyhy = 0 (20)
DYh + uwy + uyw, = h , O <nuwy <D,
And initial conditions.
u(t,y,0) =e*Y |, w(y0)=e"Y , h(ty 0)=et, (21)
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The exact solution,when n=p=y=1 ,is

u(t,y,z)=e"v% |, w(tyz)=e" Y , h(ty,z)=e V2

As in Example 1 above, we construct the following:

U(t, Y, Z) = T_l [p(s)q_au(t: Yy, 0)] + T_l [q_aT[_u(t) Y, Z) - wt(t' Y, Z)hy(t' Yy, Z) + (*)y(tl Y, Z)ht(tf y, Z)]]
w(t' yr Z) = T_l [p(S)q_aa)(t, Yi 0)] + T_l [q_aT[w(t' y1 Z) - ut (t' y' Z)hy(t! y' Z) + uy(tr y' Z)ht(tr y' Z)]]

h(ty,7) = T p(s)a~*h(ty, 0] + T~ [qT[h(t.y,2) — ue(t y, Dy (t.y,2) + uy(ty, Do (t,y, 2)]]
As before the first few terms of u(t, y, z), w(t, y, z) and h(t, y, z) in this case are:
uy(t,y,z) = ety
wo(ty,z) = etV
ho(ty,z) = e Y
et+yZT] et—ye—t-l'yZT] et—ye—t-l'yZT] et+yZT]
"Th+1) T(M+1) T(Mm+1 TMm+1
et—yZp. et+ye—t+yZp. et+ye—t+yZp. et—yzu
F(w+1) T(w+1) T+ TE+1)
e—t+yZy et+yet—yzy et+yet—yzy e—t+yZy

tr ) = - - =
wlys =T T T D T+ T +D
et+y22n et—ye—t+yza+y et—ye—t+yzn+u
r2n+1) TI'(n+y+1) rq+u+1)
F(y +u+1)etYe ttyzntuty el Ve ttynty
— +
ru+Dry+Hrin+p+y+1) Irn+y+1)
el Ve ttynty IF'(y +p+ 1)etYe ttyzntuty
+ +
rp+u+1) T'w+Dry+Drp+u+y+1)
et+y22n
T Ir2n+1)
et—yZZ;L et+ye—t+yzy+u et+ye—t+yzn+u
r2n+1) TI(y+u+1) roq+u+1)
I"(.y + T] + 1)et+ye—t+yZT]+,U.+)/ et+ye—t+yz)/+[,4
+
ru+Dry+Hrin+p+y+1) ry+p+
et+ye—t+yzn+u r(y +n+ 1)et+ye—t+yzn+u+y
— +
rp+u+1) I'h+Dry+Drn+u+y+1)
ety 721
IrQu+1)
e—t+y22y et+yet—yzy+u et+yet—yzn+y
ry+1) T(y+p+1) T@H+y+1)
F'(n+u+ 1)ettyet=yzntuty ettyel=yzvth
T+ DI+ DIrn+u+y+1) Ty+p+1)
ettyel=y 1ty F(n+u+ 1)ettyel=yzntuty
+ +
rm+y+1) Ih+Dru+Drn+u+y+1)
e—t+yZZy
T TrQy+1)
Therefore, the series solutions can be written in this form

et+yzn et+yZZn o (_Zn)i
t,y, = ptty _ o=ttty — | = ettYE. (=27
uty,2)=e — e e Y ra T T ( *, T+ D) = ° ((=2)
1=

/
U, (tr Yy Z) =

< wl(tl Y» Z) =

uZ(tﬁyrZ) =

wZ(tlny) =

hZ(tfylZ) =
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. ety zH el=y 721 . - (—zH)! .
t,y, = el Yy — + + o=tV 14 — | = etYE (—=2)®
w(tyz)=e ru+1) rQRu+1) ¢ Z 1F(i/vt+1) ¢ Eu(=2)
l=
ey tz¥ eYtz2y o (—2Y)
h(t,y,z) = eVt — o=ty (1 — | =Y lE (=2)
(t,y.z)=e A C TR ( +.Elf(i)/+1) e’ 'E,(—2)
1=
weput n =u =y = 1 we get.
z2  z8
— ptty _ 4. ) = ptty-Z
u(t,y) =e <1 Z+2! 3!+ >—e
z2  z8 _
N - 4 v | = pt—yt
w(t,y)=ce <1+2!+3!+ )—e z
z2  Z3
— p,—t+ - . — ,—t+y—
h(t,y) =e y<1+2! 3!+ >—e y-z

5. Conclusion: 5.

In this paper, we dealt with a new method,
which is the iterative T-transformation method.
It is considered more general in relation to the
previous transformations, and we applied it in
our work to derive accurate and approximate
analytical solutions for fractional order partial
differential equations. We have shown that this

method can reduce the amount of 7.
computational work compared to the
traditional methods. Also, this method has a
clear advantage over the methods of
decomposition and symmetric analysis in 8.

solving nonlinear problems. Since ITTM does

not need to calculate polynomials. Finally, we

conclude that this method can be considered as

a good improvement in numerical techniques.

Two examples are presented with their results, 9.
for the specific cases.
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