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ABSTRACT

In this paper, we investigate the ill-posed initial boundary value problem for the system
of mixed type equations. A priori estimate of solution is obtained with the method of
logarithmic convexity. The theorems of uniqueness and conditional stability are proved
on the set of correctness of the solution. An approximate solution to the problem is
constructed by the regularization method. We calculate an estimate for efficiency of the
norm of the difference between exact and approximate solutions.
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This article is devoted to the study of the
ill-posed initial-boundary value problem for the
system of second order mixed-type equations.

In the given domain

={(x,t) -l <x<l,x20,0<t<T} we
consider the system of equations
u, +sgnx-u, +a, -u+b -v=0,
V, +sgnx-v,, +a,-v+bh, -u=0,
(1)
where a,b - given real numbers, b #0,
i=12,(a —a,) +4bb, >0.
Problem. Find a pair of functions
(U(X,t),V(X,t)) that satisfies the system of

equations (1) and the following conditions:
the initial

u|t=0 - q)l(x)’ U, |t=0 - l/ll(x)’ —| <x<lI
V|t=0 =0,(X), Vv, |t:0 =, (X),

(2)
boundary
Ul =l = O’}O <t<T
V|x = V|x_fl !
(3)
and gluing conditions
u|x:70 = u|x:+0 ! |X*70 - |x +0'
V|x:70 = V|x:+0 ! | =V |

(4)

Boundary value problems for mixed type
equations were studied among the first in the
scientific works of F. Tricomi and S. Gellerstedt
[8]. F.I. Frankl, LN. Vekua showed in his
scientific work that mixed type equations are
related to important practical issues [7]. Later,
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various problems for mixed type equations
were the subject of research by many
mathematicians. Including M.A. Lavrent'ev, A.V.
Bitsadze, M.H. Protter, S. Agmon, C.S. Morawetz,
K.I. Babenko, S.P. Pulkin, M.M. Smirnov, M.S.
Salakhitdinov, T.D. Djuraev, V.N. Vragov, G.D.
Karatoprakliev J.M. Rassias, K.B. Sabitov, A.L
Kozhanov, A.P. Soldatov and the scientific works
of their scientific school were devoted to the
study of this type of equations [1, 13-15].

K.S. Fayazov, 1.0. Khajiyev, YaK.
Khudayberganov researches related to checking
the conditional correctness and building a
regularized approximate solution of ill-posed
problems for the second order mixed type

__ah
T, (h-2) ¢

_&.9
bz'(ﬂl_ﬂz)

differential equations and the system of
equation [2-6, 9, 10].

In this work, the conditional correctness
of the ill-posed initial boundary value problem
for the system of second order mixed type
equations is studied. An a priori estimate of the
solution is obtained by the method of
logarithmic convexity. The uniqueness and
conditional stability theorems of the solution
are proved in the set of correctness. An
approximate solution is constructed by the
regularization method.

We make the following substitution for
the problem (1) - (4)

1

v=———(0-9) (5)

(4 -4%)

where A, 4, - are the real roots of the quadratic equation
A*—(a,+a,)A+aa,—bb, =0.
As a result, we come to the following problems depending to the functions @(X,t), $(X,t).
Problem 1. Find a function a)(X,t) in the domain Q= {—l <x<l,x#£0,0<t <T}, that

satisfies the equation

W, +sgnx-w,, + 4 -0=0

and the next conditions

a)|t=0 - (Zl(x)’ a)t|t=0 =9 (X)' -l <x<I,
a)(—l,t):a)(l,t)zO, 0<t<T,

a)|X=_0 - a)|X=+0 ! a)X|x=—0 - a)X|x=+0' O<t<T

where @1()() =b, '¢1(X)+(ﬂl _a1)"//1(x): (52(X)= b, - @, (X)+(/’ll _ai)'l//z(x)-
Problem 2. Find a function S(X,t) in the domain Q={—| <x<I,x#0,0<t <T} that

satisfies the equation
S, +sgnx-4, +4,-9=0
and the next conditions,
Heo =02(X)s Sy =92 (x), A=< x<I
$(-1t)=9(l,t)=0,0<t<T,
9 ,=9 & =3] _,0<t<T

x=+0" x=-0 x=+0"

where V71(X):b2 '¢1(X)+(ﬁz _a1)"//1(x)f ‘/72(X):b2 '(pz(x)"i_(ﬂ’z _ai)'l//z(x)'
Lemma 1. Let the function a)(X,t) in the domain Q = {—| <x<I|,0<t <T} satisfies the

equation
@, +sgnx-o,, +a-w=0

and next conditions

(6)
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a)(—l,t) = a)(+|,t) =0,
o(-0,t)=w(+0,t), o (-0,t)= o, (+0,1).
Then the inequality

| | -2/
Ja)zdx <41? {ja)xz todX+|oc|] ' Ua)f
% % o

1 I

is valid for V(X,t) €Q,aeR,where a = E-U(sgn X-0) +a-w _wft)todxj'
o

Proof. For the solution of the problem, we consider the function f (t) as following:

?
dx + |a|j 2™
t=T

[
2
f(t) = [ fdx.
2
Has a continuous the first and second derivatives, then

|
t'(t) = 2] o, - w,0x,
-

| | | I
f'(t) = Zwat -, 0X + ZI o, - 00X = Zwath - ZI o,, - ©,dX.
| - —I -
We change the second term of the expression f"(t) using equation (6)
| |
f'(t) = ZI %X + ZJ‘ @, (SN X- o, +a-w)dx.
% 5

Now we consider the following differential
|

|
%(J‘(sgn X’ +aoo, )dX) = I(ngn X D, 0, + B0, W +AO W, )AX =
] °
|
I(ZSgn XDy 0 + 280 0, JdX =

XXXt
—I

| |
ZI Wyt (Sgn X, + aa))dx - _2,'- Ot

|
o, dx =2 j @, @, 0X.
—I

| -l
Here integration by parts and boundary conditions a)(—|,t)=a)(+|,t)=0are used. We have
following equation from the latest equation

d | 2 d(r
—| |(sgnXx -, +a -0 -0, )X |=—| | o,dX |.
I P o
We integrate this over the interval (O,t) and

| |
j(sgnx-a)fx+a-cu-a)xx)dx:ja)ftdx+2a,
| -l

where
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a_%.U(Sgnx-a)fx +aa)a)xx—a)ft)todxj Or“‘%'U(Sgnx'a)ﬁx -, _a)ft)todxj.

-1 -1
As aresult,

| | |
fr(t)=2- jwftdx+ 2[Ja)ftdx+ ZaJ :j > dX + 4o
2 2 2

We enter the new function g(t) = In( f(t)+ ‘0{‘) In that case
£() _FO-(FO +|al) (1))
FO)+]af (fO+a)

We bring the above expressions f(t), f'(t) and f"(t) to the expression g"(t) and get

[ otoxs aa | Jaroxlal| (2] o, -, |
o M(f <t>+a)) Lt

! | | | 2
4. jwftdx-wadx+4‘a‘ja)ftdx+4a-(f (t)+‘a‘)—4-(‘[a}x ’thdxj
- 2 -

= - 2

(f(t)+]el)

. 4o (f(t)+]a]) 4o ~4|a| S —4|a|-41 (1)

g'(t) =

g"(t)

S (f)+lal)” (F@+al) (FO+]al) (F(O+]e])

In deriving the last inequality, we used the Cauchy-Schwarz inequality.
From the differential inequality g"(t) > —4 follows

g(t)Sg<0)$+g<T)$+2t(T—t)

or

F(t) +]a < (FO)+|) T ((T)+]af)T €.

From this, substituting the expression of the function f (t), we get the inequality
b
=
|

'thZdXSU, w? o dX+|a|J Ula)x2
|

Now, considering the inequality j w*dx <41° j w>dX , we obtain the required inequality
o 5

| | 1‘% |
Ia)zdx <41’ Ua)f‘todx+ |a|} [Ia)f
-l -1 -1
After that, from equality (5) we get the following:
o(X,t) =bu(x,t) + (4, —a)Vv(x,t), J(x,t) =bu(x,t) + (4, —a)v(xt). (7)

t=

.
dx + |a|j g2
=T

t=

:
dx + |a|] 2™,
.
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In order to obtain a priori estimate of the solution of the problem (1)-(4), we apply lemma 1 to problem
1 and problem 2 and obtain the inequalities

t t
| | i T
o’dx <41’| | @?| dx+a 2| dx+e | €Y,
L =0 =T
o o
t t
] | - T
Fdx<al’| [&| dx+a, j g| dx+a, | 7Y,
% S0

A :%-U(sgnx-wfx _ﬂia)f_a)ft)tod)(]’ a, :%'(j(San"gfx_ﬂZ‘gxz _g’i)t:o dxj.

These inequalities, based on equalities (7) and (5) notations we generate estimates
t

JuCelf <2 (JEeof +a ) T mbuuTywa a v, (T +, )7 e 4
t ¢ (8)
C, (H‘/?l’(X)HZ +a, )1_T (Hbzux (X, T)+ (4 —a)v, (X,T)H2 +a, )T 2T,

t

vx O <2 (JE00f +@) ™ ([T + G —a)v, T+ ) e+

—

9)
-t t
C32 (HWI(X)HZ + &2) T (Hbzux (X,T)+ (4 —a)V, (X,T)H2 )T e2t(T—t)’
where

24218, ~4) _2V2(a,-4,) c . 2l
b(&—ﬂ)’z @(A—ﬂ)' P (A-4)

= 21gicof < Bligicof + Haicof. @ = 2ol + Eigieoft + Lol
For the problem (1)-(4), we 1ntroduce the set of correctness in the form
={(u0x, 1), v, 1)) :u, (T + v, (X, T < m, m < oo}

Theorem 1. Suppose the solution of the problem (1) - (4) exist and (u(X,t),V(X,t)) € M . In this

case the solution of the problem (1)-(4) is unique.
Proof. We assume that the solution of the problem (1)-(4) is not unique, let (u1 (X,t),Vl(X,t))

and (u2 (x,t),v, (X,t)) be solutions of the problem (1)-(4). We denote U(X,t) =u,(x,t) —u,(x,t),
v(x,t) =V, (X,t) = v, (X,1).
Then the pair of functions (U(X,'[),V(X,t)) satisfies the system of equations (1), the initial

C =

condition
u =0, u =0,

|t=0 t|t=° } —| <x<lI , (10)
V|t=0 - 0’ Vi |t=0 =0

and the (3), (4) conditions. From here, based on condition (10), it follows that ¢ (X) =0, o, (X) =0,
v, (X) =0, y, (X) = 0. Therefore, &, =0, &, =0. As a result, from inequalities (8) and (9), we find
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that ||u(x,t)|| <0, ”V(X,t)” < 0. It appears from these inequalities that only u=0,v=0 or u, =u,,

V,; =V,. So, the solution of the problem (1)-(4) is unique.
Now we show the conditional correctness of the problem (1)-(4). Let the pair of functions
(U(X,t),V(X,t)) be the solution of the problem (1)-(4) corresponding to the exact data @ (X),;(X),

and the pair of functions (ug (x,t),v, (X,t)) be the solution of the problem (1) - (4) corresponding to
the approximate data @, (X), v, (X), 1=1,2.

Theorem 2. Let the solution of the problem (1) - (4) exist, (U,V)e M, (ug,vg)e M,
Hgoi (xX)-o, (X)Hw23-i[f|,|] <g, Hwi (x) _l//ie(X)Hw;-iHJ] <g, 1=12. Then for the solution of the
problem (1)-(4) inequalities
luCxt) —u, (6 B)|° <C28, (M, 4,,t) + C25,(m, 4,,1),
[v(x,t) —v, (1) <C28,(m, 4,t) + C25,(m, 4,,1)

appropirate, where
t

t —
S, (m,A,t) =(|b,| +]2 - al\)2 ((2 +0.5[4)) & )1‘T ((m2 +0.5[4]% + &7 ))T Q210
Proof. We introduce denotations U =U — u,, V=V —V, . Then the pair of functions (U,V)

satisfies the system of equations (1), the initial condition

| (01()() 2% (X) =@, (X) — Py, (X)1

t
a t=0 “l<x<l

7, = w0 -1 0.2 =v, (0w, (9,

ot
and conditions (3), (4). So, for the pair of functions (U, \7), estimates (8) and (9) are appropriate. Here

7 ()=, (01 () = 2, (X)) + (4 =) (wi (X) ~w. (%),
7 (x) =D, (01 () = 21, (X)) + (£ =) (v (%) - (X)):
Based on these and the fact that (u V) (u Vv )e M , we estimate the following:
P ()] <[by - |l (x) — @, (%)) +[ 4 - ‘//16 (%)) = (Ibo| +[ 2 ~a)e,
7,09 <o, - et (%) = @, (%)) + | - —r. (X = (oo +12, ~al)e,
Io,u, (X, T) + (4, —a,)v, (X, T)| <
oy Ju, T+ 4 =&y, (T < ([, + |4 —ay[)m,
Io,u, (X, T) + (A, —a v, (X, T)|| <

I, G T 12 v (D < I+ —a,)m.

t=0

Similarly,

2, ()| < (Jb,]+]4 — &) e, |7 (] < (o, | + |2, — &) &

estimates are valid. And from these we get

ool + 2! F 0 <(1+0514)) (b, 14 )

i +=
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_ 1, _, 1,
%= EH‘Vl(X)HZ * @H'/’l(x)”z * EH'/’z(X)HZ <(L+0.5]4,[) (b + 2, - ai‘)z £
As aresult, from (8) and (9) we have inequalities

[T 0| <CZ8, (m, 4,) + 58, (m, 4,,1)
[T (x| < €26, (m, 4,) + C6, (. 4,,1),

where @Umﬂﬂ):Q@Lﬂﬂ—qﬂz«2+05MDgﬁ};«m2+051k2+5ﬁyemﬁﬂ.ﬂmmg
into account the denotations U =U — u,, V=v-— V_, the required inequalities derived.

Let { X (X)} : { X (X)} be eigenfunctions of the spectral problem corresponding to the problem
(1)-(4), 4, 4, be the eigenvalues (1, >0, 1, <0, Vke N).

The numbers £, —4, form non-decreasing sequences and are solutions of the transcendental

I =0.

equation tg ‘,ulf“ +th, /| g

|
Let (@, ) = jgp -dX be the scalar product in L,[—I;I], then [12], we have
5

o0 o0

HU(X’t)Hz — Z(sgn xu(x,t), xk+)2 +Z(sgn xu(x,t), xk—)z_ (11)
n=1 n=1

where
) iy shy /| [(X =1
sin\/; (x D,O<st Pl {0<st

. Jeos i1 Viehy—ss; @

X (X) = - X () =1 -
Sh\/;()“rl),—lsx<0, o ‘ﬂk‘(x+l),—I£x<O,
NN JI cos ‘yk“l

From the results of [12], the eigenfunctions {X . (X)} : { X (X)} form a Riesz basis in H, and the norm

in the space L,[—I;1] defined by equality (11) is equivalent to the original one.

Let ¢,(X) = al;ﬂz v, (X), ¢,(X)= alb_ A w,(X) in the problem (1)-(4), w,(X), ¥, (X) be
2 2
given functions. Then @ (X)=d -y, (X), 9,(X)=0, w,(X)=0, w,(X)=—-d-y,(X), where
d=4-4,.
Let the solution of the problem (1)-(4) exist, then it can be represented as
u=A-o-A -9, v=A(0-39) (12)

where

o)=Y o ©)- X, 0+ Yo 1) X, (x), =S & 1) X )+ > 5 (1) X; (%),
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i cos{ [+ At i+ 7, <0,

o (1) =4 P #e + 24 =0,

P cosh(ﬂl‘yki +ﬂi‘t), e+ A, >0,
ﬁksin(\/\ﬂf +ﬂg\t)/\/\u§ + Ao, ¢ + 2, <0,

% O =17, Hy + 2 =0,

W;ksinh(\/‘,u; +ﬂz‘t)/ Uy +/12‘, u + 2, >0,

A —
7 —+jsgn (X (00X, 75 —+Jsgn 700X 0k, A=2l2 p BTA
b, -d b, -d
A = a-
We define the approximate solution (UN AN ) according to the exact data as follows
:Al'wN_AZ"gN’VN:AS(wN_'gN) (13)

where

@ (%,1) :ZN:a)k*(t) - X[ (X) +ia)k-(t) - X (%), 9y (x,1) =ZN]9J(t) X (%) +i9k‘(t) - Xy (%),

where N is the integer regularization parameter. The approximate solution (UNS,VNS) according to

the approximate data, we define
uNg:Al'a)Ng_AZ.'gNs’ VNg:AS(a)Ng_'gNg) (14)

where

Z (0 Xy (X)+Z () X (), Gy, = Z9§k(t) X (X)+Zl9.gk(t) X, (%),

i 0o w\t), b+ 4 <0,

@, (1) =1 P e +4 =0,

i cosh s + 2t). ui + 2,0

Fracsin( i + 2o} )/
I (1) = W2t p + 2, =0,
Wy sinh(\/‘/,zki +/12‘t)/\/‘/.tki +/12‘, U + 7, >0,

B 1+ 2 <0,
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G =2 j sgn (X) @, ()X ()X, 75,4 =+ j sgn (X) 17, (X)X, (x)dx, 7. () =d -y, (%),
W, (X)= —d W, (X), since ¥, (X), ¥,,(X) are approximate data.

Let ||w1(x) -y, (X)” <g, ”l,z/2 (X)—w,, (X)” <& and (U(X,t),V(X,t)) € M . Then for the norm
of the difference between the exact and approximate solutions we have

lu—u, [ < fu—ug |+ uy —uy]l. (15)
V=V [ <V =vy |+ Vn =V (16)
Then
luy —un <A oy = on |+ A% — e |- (17)
Based on equalities (13) and (14), the estimate of the first expression on the right side of (17) has the
form
N o0
o o[ = (@ © -0 ®©) + (0 ® — w5 @) <d?cosh? (\/zl +ﬂ§t)€2
k=1 k=1

. N N .
Now we evaluate the expression Hug - 195 Ho in a similar way and have

?C} sinh? (\MQ +u§t)52

-1
where Cf = mEIX{‘/lZ + ,uki‘ }.After some simplifications, from (17) we obtain

m —uNg||sd(|A&|cosh(1/ﬂ1 + pt)+C. Ay fsinh (7, + y;t))g. (18)

Let us pass to the estimate of the first term on the right side of inequality (15)
Ju=uy]<[Afle=ou]+[Al]9 =]

under the condition (U,V) € M . Then we come to the evaluation of the expression

lo-au = 3 (o) = X {7} cosn? (| + 4t). (19)

=N+1 =N+

||‘9N o 9N

under the condition |@(x,T)||<m,, where m, = (|b2| +|4, - a1|) M. It's easy to notice that

g{cﬁfk}z cosh”(u; + 4T )< 20)

From here it can be seen that (19) reaches its maximum value under condition (20) in the case when
the coefficients

5 = ml.cosh‘l(quk* +ﬂ1‘T), k=N +1,
0, k=N +1.
So, we have
cosh(ﬂlygﬂn%i‘t)
cosh(,/y;+1+ﬂl‘T)
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Under the condition H‘Q(X’T)H <m,, evaluating the expressions H3 -39, H we get

sinh(4/y,§+l+/12‘t)
sinh(4/y;+l+ﬂ?‘T)’

where M, :(|b2| +|ﬂL2 —a1|)m.

Combining estimates (21) and (22) we have

cosh(ﬂly:,+l+ﬂl‘t)

|99 <m,-

(22)

sinh(Jy;+1 +/12\t)

Ju—uy<|Afm,- +[Ay|m, - . @
" 1 cosh(J\/,z;Hml\T) 2 sinh(,/y;+1+ﬂ,2\T)
We substitute (23) and (18) into inequality (15), then we get that
cosh(4 Nt + ﬂl‘t)
Ju=u. [ <|A[m,- +d|Acosh(y2 + pit)- o+
cosh(,/‘y,;+l+ﬂl‘T)
(24)

‘Az‘mZ'

+d -C4\A2\sinh(1//12 +y§t)-g.
sinh ( a5+ 2, ‘T)
Let us estimate inequality (16). Note that for the expression ||VN — V. || correct estimate

<A (lon - on |+ 9 — ) <

d \A3\(cosh(~/ﬂ,l +y;t)+C43inh(\M2 +y,§t))g.

For HV —Vy H we have

cosh(Q/y,Lﬁ/il‘t) sinh(ﬂ/y,;+l+ﬂz‘t)

HVN — V.

v =] =|Ag|m, -

+‘%‘ m, - .
cosh( ,u§+1+ﬂl‘T) sinh(,/y§+1+/12‘T)
Finally we get
cosh( Nat Tt Ai‘t)
[v=vi. ] < |Alm - +d|A3|COSh(\/ﬂl+ﬂ,§t)-g+
cosh( TN ﬂl‘T)
(25)
sinh( Uy + 4, ‘t)
|A3|m2 +d C4|A3|Sinh(\/ﬂ,2 +,u,:t)g
sinh( /,z;+1+ﬂ,2‘T)
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Minimizing the right side of inequalities (24)
and (25) with respect to M, &, T we find the

corresponding regularization parameter N .
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