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In this study, we define the concepts of inverse operation, identity element, inverse
element, special identity element, A-group ( special group ), A-ring ( special ring ), A-
field ( special field ) and

show that,

i) Let (G ,*) is A-groupand a*b =c ,then e, *b=a "' *c forall a,b,c € G such
that e, is identity for a w.r.t =, a™! isinverse for a w.r.t * .

1

8] ii) Let (G,*x)bea A-group,if axb=c and e, = ¢, , then

=] b=alxc forall a,b,c €G suchthat e, isidentity for a w.r.t = , e, isidentity for
‘Z b wrt * and a~! isinverse for a w.rt * .

<

iii) Let (G,*x)be a A-group,if a*b=c*b or bxa=bx*c and e, =e¢, =€, ,
then a=c forall a,b,c € G suchthat ¢, isidentity for a w.r.t * , e, isidentity for
b wr.t * and e, isidentity for ¢ w.r.t x .

iv) Let (G,x) be a A-group, e, isidentity for a w.r.t = and e, isidentity for b w.r.t
* , then e, isleftidentity for a* b w.r.t * and e, is right identity for a x b w.r.t

*
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1.Introduction .

Let G be anon empty set, then ( G,*) is called
mathematical system if * is binary operation
defined on G .Let ( G,*) is mathematical
system, then ( G,*) is called semi group if * is
associative i.e

(axb)*c=ax(bxc) for all a,b,c €G.
Let ( G,*) is semi group, then ( G,*) is called
group if there exist e € G such that
axe=exa=a forall a € ¢ and forall

a € G there exist

al € G suchthat axa'=al+xa=e.
The notion of group was introduced by Galuis
in 1830 [1], [2].

Let (G,*) be a commutative group and (G, #)
be a semi group, then (G,*, #) is called a ring if
a#(b * ¢) = (a#b) * (a#c) and

(axb)#c = (a#tc) * (b#c)forall a,b,c €G
[3].Let (G,*),

(G — {e}, #) be two commutative group, such
that axe=e*xa=a

forall a € G ,then (G, #) is called a field if
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a#(b = c¢) = (a#b) * (a#c) and (a* b)#c =
(a#tc) = (b#c) foralla,b,c € G [4].
Example 1.1:

_([a 01, .
Let A= {[0 O] ra is real number, a # O},

X is ordinary multiplication operation on
matrices such that

[g 8 X [g 8] = [aob 8] for all

8 B Geniammtn,

0 0
there exist [(1) 8] € A such that [g 8] X
o ol=lo ofx[5 ol=[5 o foran
[g 8] €A
For all [g 8] € A there exist I% 8] EA
such that

1 1
R PR B PR R R B P

We get (A,X) is group.

Theorem 1.2 :[2]

Let (G ,x) beagroup, if a*xb=c then b=
alxc forall abc€EG.

3. A-group:

In this section we present the concepts of
identity element, inverse element , special
identity element and A-group.

Definition 3.1:

Let ( G,*) is mathematical system and a, e, €
G ,thene, is called identity for a w.rt * (
special identity for a ) if

axe; =e;xa=a.

e, is called right identity for a w.rt * if a=*
g =a.

e, is called left identity for a w.rt * if e, *
a=a.

Example 3.2 :

(p(x), N) is mathematical system,let A,B €
p(x) suchthat A issubsetof B,then B is
identity for A w.r.t N since
ANB=BNA=A.

Example 3.3 :

(N,x) is mathematical system such that N is

the set natural nambers and X is ordinary
multiplication operation, let n € N , then n is
identity for 0 w.rt X since nXx0=0Xxn =
0.

Remark 3.4 :

Let ( G,*) be a group, then there existe € G
such that e is identity for all elementin G ,i.e
e is general identity element.

Definition 3.5 :

Let ( G,*) is mathematical system and a,a”
€ G,then a™?! iscalled inverse for a w.r.t =
if axa!=a1xa=-e, suchthat e, is
identity for a w.r.t *.

a~! is called right inverse for a w.r.t = if a*
a~! = e, suchthat e, is right identity or left
identity for a wrt * .

a~?! is called left inverse for a w.r.t = if
a~l+a=-e, suchthat e, is rightidentity or
left identity for a w.rt * .

Example 3.6 :

(p(x), N) is mathematical system,let A,C €
p(x) suchthat A issubsetof C,then C is
inverse for A w.rt N since
ANC=CNA=B=A,then Bisidentity for
A w.r.t N since

ANB=BnNA=A.

Example 3.7 :

(N,x ) is mathematical system such that N is
the set of natural nambers and X is ordinary
multiplication operation,let n € N , then n is

1

inverse for 0 w.r.t X since nX0=0xn=20
,then 0 isidentity for 0 since 0X 0 =
0x0=0.

Lemma 2.8 :

Let ( G,) is mathematical system, *~1 be an
inverse operation for * ,then a *™1 a is
left identity for a w.rt =

Proof.

Let b = a *~! a by Definition 2.1, we get b *
a = a by Definition 2.1 , b is left identity for
a wrt *.

Lemma 2.9 :

Let ( G,*) be a semi group, if e, is left
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identity for a w.r.t *, then e, xe, = ¢,
Proof.

Let e, is leftidentity for a w.r.t * , by
Definition 2.1, we get e, *a = a

e, *(eg*a)=-e,*a, (G,x*)beasemigroup
l.e * IS associative

(eg*e;)*a=e,*a byLemma2.6(i),we
get e, x e, = e, Definition 3.10:

Let ( G,x) be a semi group, then ( G,*) is called
a A-group if

i) Forall a € G there exist e, € G such that
axe;=ez*xa=a ie

e, is identity for a w.rt *

ii) Forall a € G there exist a™! € G such that
axal lxa=-e, suchthat e, is

identity for a wrt *x (a*xe;, =e;xa=a )
1

=a

i.e a " is inverse for a w.rt * .
Definition 3.11:

Let ( G,*) be a semi group, then ( G,*) is called
a A-group ( Special Group ) if forall a € G,
there exist b,c € G such that
a*b=bxa=a and axc=c*xa=>».
Example 3.12:

(p(Z),n)is A- group such that Z is the set of
integer numbers, since ( p(Z),N) is semi
group and forall A € P(Z), there exist A4 ,

A € P(Z) suchthat

ANA=ANA=A4 and ANA=AnA=A
i.e A isidentity for A wort N and A4 is
inverse for A w.r.t Nn. Example 3.13:
(Z,+)is A-group such that Z is the set of
integer numbers, + is ordinary addition
operation, since (Z,+ ) is semigroup and
forall n € Z thereexist 0, —m € Z such
that n+0=0+n=n and n+(—n) =
(—n)+n=0

i.e 0 isidentity for n wrt + and —n is
inverse for n w.or.t + Example 3.14:

Let 4 = {[g 8] ra is real number, a # O},

X is ordinary multiplication operation on
matrices such that

[g 8 X [g g] = [aob 8] for all

a 01 b O . .
o ol ,[0 0] € A, (A,X) issemigroup, for
a 0 . 1 0
all [0 0] € A there exist [0 0] and
1A
- 0 a O 1 0
a € A such that X =
N R
1 0] a 0] _1a 0
0 0_><[0 o]—[o 0
] 1 1
And |4 x|z 0]:[5 le[a 01 2
0 0 0 0 0 0 0 0
1 0]
0 o
. 1 01... . a 0
ie [0 0] is identity for [0 0] w.r.t X and
1 ;
a is inverse for [a ] w.r.t X, we get
0 ol 0 0
(A,x)is m-group,also (A,X)is group by
Example 1.1 .

Itis clear that every group, is a A- group, but
the converse is not true in general , as shown
by the following examples :

Example 3.15:

Let G is the set of real numbers , we define
operation * on G by a*b =a foralla,b €
G , * is binary operation and * is associative
since (axb)*c=axb=a and a *
(bxc)=aie (axb)*xc=ax*(bx*c) forall
a,b,c € G,we get (G,*) issemigroup, for all
a € G thereexist a, a € G suchthat a *
a=axa=aand a*a=a*xa=a ie ais
identity for a w.or.t * and a isinverse for a
wrt * ,weget (G,x)is A-group.

Let e € G suchthat axe =e *xa = a forall
a€G,weget e=a forall a € G, we obtain
( G,*) isnot group .

Example 3.16:

Let A={8 Z

O}, X is ordinary

:a, b arereal numbers, b #+

multiplication operation on matrices such that
o 51x[0
[8 ZZ] for all [8 Z] ,[8 ZZ]EA’ (A,x)is

semi group, for all [O a

0 b] € A there exist
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a A

0 4 0
b| and 1| EA suchthat
0 1l 0 >
[0 1200 21 _Jo 2.0 ] [0
a - - a a
X bl = b| X =
0 bl o 11 lo 1 0 b 0 b
_ 0 =] [0 =
0 a p2| _ b2 0 aj_
And b]xo 1]‘[0 1xlo b=
LY b b
a
0 1l
R [ R I 0 a
i.e [O Iil is identity for [0 b] w.r.t X and

a
0 —

b2l . .

1 | isinverse
0

b

0 a .
for [0 b] wrt X,weget (4,X) is A-

group .
Let [8 d] € G such that 8 Z] X [8 2] -
[8 d]x 8 Z]z[g Z]forall [g Z] €G,
wegal) 24 =[3 o

[8 212 = 8 Z] for all [O a] € G, we get
d=1andc=gif 0 [ ﬂthen
c=2 ie 0 d] [

8 Z = g (1) then c =0 ie O d]

0 01

0 11°

8 i * 8 (1) , we obtain ( G,*) is not
group .

Example 3.17 :

By Example 3.12,then (P(X),n) is A-group,
but ( P(X),Nn) is not group since, Let B €
P(X) suchthat ANB=BNA=A forall

A € P(X),weget Aissubsetof B forall A €
P(X) ie B=X , Let forall A € P(X) there
exist C € P(X) suchthat ANC=CnA=X,
weget A=C=X,ie (P(X),N) isnotgroup

Theroem 3.18:
Let (G,*) beaA-group,if a*b = ¢ then

eq*b=a"1xc forall a,b,c €G suchthat
e, is identity for a w.r.t *and a™! isinverse
for a wrt * .

Proof.

Let axb=c , al*(axb)=alxc
such that a~! isinverse for a w.r.t *,
(al+*a)xb=a?

weget egxb=a"lxc.

Example 3.19:

In Examle 3.16, (A ,X) is A-group, find value
of y if, Ox +4y =8 and Ox + 2y = 4, use
matrixes mothed ?

* ¢ since * is associative,

Solution :
4 [0 x]_70
2] X [O y] = o by theorem 3.18,
we get
0 1
2] y [O x] _ 1| x 0 8
1 0 vy 0 2 0 4

such that [8 1] is identity for 8 ;L]

0 1 0
w.r.t X and 1| isinverse for[
0 > 0

wrt X,
2
[O Y g],weget y=2.

Example 3.20 :

Let = {[g

0,b# 0}, X is ordinary

0
:a,barereal numbers, a #

multiplication operation on matrices such that
a0

o o %1o d] 1 bd] forall
[a O] [

0 bl’l0 d
there exist [O 1] € A such that [0 b] X

]EA (A ,X) is semi group,

(1 01 _[1 O a 01 _r1a 0
0 1._[0 1 X[o b]—[o b] for all
0 0
0 b.EA
10
For all [a O]EA thereexist | ,[€A
0 b 0 -
b
such that
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o

1 1
a 0 a _|a a 01_11 O
o b]xo ‘_IO ‘X[o ol =lo 1l
We get (A,X)is group,also (A4,X)is A-
group .

Now , Find value of pair (x,y) if, 3x + 0y =

12 and 0Ox + 5y = 10, use matrixes mothed ?
Solution :

S =
Sl O

(3) (5) X [g ;),] = [102 10()] by Theorem 1.2

, we get

[ T -1

-g ;)’_ - [(?; (5)] X [102 100]

n ; 1

HER AR
5

(x,y)=1(4,2).Also

[(3) g]X[’é 2]=[102 100] by theorem 3.18

, we get
Loq
1 0 x 0] |3 12 0

lo 1]x[0 y]_ 0 %X[o 1ol such
that [(1) (1)] is identity

1o

3 0 3 .
for [0 5] w.or.t X and 0 1 is inverse
5

for [g g] w.rt X ’[x O] = [4 g],weget

(x,y)=(4,2).

Theroem 3.21:

Let (G,*)bea A-group,if a*b =c and

e, = e, , then

b=atxc forall a,b,c €G suchthat e, is
identity for a w.r.t *x , e, isidentity for b
w.r.t * and a~! isinverse for a w.rt * .
Proof.

Let axb=c , a'*(axb)=alxc
such that a~?! isinverse for a w.r.t *,
(at*xa)*b=alxc, since * is

1

associative , weget: e, *b=a""*xc

since e, = ¢

ep*b=a1l*xc and

, we get :
b=alxc .

Theroem 3.22:

Let (G,*)be a A-group,if a*b=c*b or
bxa=bxc and e, =e,=¢. , then a=
¢ forall a,b,c € G suchthat e, is identity
for a wr.t * , ey isidentity for b w.r.t *
and e, isidentity for ¢ w.r.t * .

Proof.

Let a*xb=cx*b , (a*xb)*xb ™ 1=(c*b)*
b~1 ,suchthat b~! isinverse for b w.r.t *
,ax(bxb™ ) =cx*(bxb1) ,since = is
associative , we get a x e, = c * e, , since

e, =¢ep,=¢e. ,weget: axe, =c*e. and
a=c .

Let bxa=bx*xc , b™*x(bxa)=b"1x
(bxc) ,suchthat b~! isinversefor b w.rt
x, (b™'+«b)xa=(b"1*b)*c ,since * is
associative , we get e, xa = e, *c , since
eqa=¢e,=¢e. ,weget: e, *xa=-e.*c and
a=c .

Theroem 3.23:

Let ( G,*) beaA- group, e, isidentity for a
w.r.t * and ey isidentity for b w.r.t * , then
e, isleftidentity for a xb w.r.t x and e, is
right identity for a xb wur.t * .

Proof.

since = is associative,then e, * (a xb) =
(eg*a)*b = (a*b)

and (axb)xe,=ax(bxe,) = (axDhb)

i.e e, isleftidentity for a *xb w.rt * and
ep is right identity for a x b w.r.t x .

4. A-ring ( special ring ) and A- field (
special field ) :

Definition 4.1 :

Let (G,*) bea A- group, then (G,*)is called a
commutative

A-group,if a*xb=bxa forall a€G.
Example 4.2 :

(p(Z),n) is a commutative A-ring, such that
Z is the set of integer . Definition 4.3 :

Anon empty set G with two binary operation
* and # issaidtobe A-ring ( special ring ) if

(i) (G,*) is acommutative A- group.
(ii) (G, #) is a semigroup.
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(iii) a#(b * c) = (a#b) * (a#c) (left
distribution law ) and

(ax*b)#c = (a#tc) * ( b#c) (right
distribution law ), for all

a,b,c€G.

And it will be denoted by (G,*, #) .

Remark 4.4 :

Every ringis A-ring since every group is A-
group , but the converse is not true in general ,
as shown by the following examples :
Example 4.5 :

(p(Z),n,U) is A-ring, such that Z is the set
of integer,

(p(Z),n,U)is notring.

Definition 4.6 :

Anon empty set G with two binary operation
* and # issaidtobe A-field ( special field ) if

(i) (G,*) is acommutative A-group.

(ii) (¢ — A, #) is a commutative A- group,

such that

A={e€G:exa=axe=a,forsome a
EG}

(iii) a#(b * c) = (a#b) = (a#c) (left

distribution law ) and

(axb)#c = (at#tc) * (b#c) (right

distribution law )

forall a,b,c € G.

And it will be denoted by (G,*, #) .

Remark 4.7 :

Every field is A-field since every groupis A-
group , but the converse is not true in general ,
as shown by the following example :

Example 4.8 :

(p(Z),n,U)is A-field, suchthat Z is the set

of integer , but

(p(Z),n,U) is not field .
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